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A reasonable heuristic extrapolation of a theory given by Buckingham is used to estimate the 
frequency- and temperature-dependence of the second refractivity virial coefficient. The calculations 
are carried out for the atoms He, Ne, Ar, Kr, Xe and the small molecules H 2 , N 2 , 0 2 , HCl, C 0 2 , 
N 2 0 , NH 3 , CH 4 , C 2 H 4 , and SF6 . In some cases the frequency-dependence of BR(co, T) is compared 
with experimental values, showing sometimes considerable deviations between experiment and the 
heuristic approach used in this work. 
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1. Introduction 

In s tudies of the op t ica l p r o p e r t i e s of imper fec t 
gases the so-cal led ref rac t iv i ty virial coeff ic ients 
Y4R(co, T), BR(CO, T), C R (co, T),... p l ay a n i m p o r t a n t 
role, as they descr ibe the re f rac t ive index of f lu ids 
t h r o u g h a n e x p a n s i o n in p o w e r s of t he dens i ty of 
the we l l -known L o r e n t z - L o r e n z f u n c t i o n [1], As fo r 
AR (CO, T), which descr ibes the op t i ca l p r o p e r t i e s of a 
free, n o n - i n t e r a c t i n g species, ex tens ive r e sea rch h a s 
been d o n e b o t h theore t ica l ly (e.g. [ 2 - 4 ] ) a n d exper i -
menta l ly [5 -8 ] , T h e r e f o r e the t e m p e r a t u r e a n d espe-
cially the f r equency d e p e n d e n c e of AK (co, T) is n o w 
well u n d e r s t o o d . H o w e v e r , t he re is a g r ea t lack of 
i n f o r m a t i o n a b o u t the h ighe r re f rac t iv i ty virial coeffi-
c ients [1,9]. Even n o w a d a y s , e x p e r i m e n t s t o d e t e r m i n e 
Br (CO, T) a re ex t remely difficult t o ca r ry o u t (e.g. 
[10-13] ) a n d the re fo re a re o f t en p e r f o r m e d a t o n e 
t e m p e r a t u r e a n d w i th o n e f r e q u e n c y of t he m e a s u r i n g 
light only. Sys temat i c inves t iga t ions , b o t h theo re t i ca l 
a n d expe r imen ta l of the co- a n d T -dependence of the 
refract ivi ty virial coeff icients a re sca rce [11, 14], a n d 
d u e to the qu i t e la rge e r r o r b o u n d s of the e x p e r i m e n -
ta l d a t a only of l imi ted value. Also, these e x p e r i m e n t a l 
inves t iga t ions cover smal l t e m p e r a t u r e a n d wave -
length ranges (most ly n e a r r o o m - t e m p e r a t u r e a n d a t 
wave leng ths of 4 0 0 - 6 0 0 nm). T h e s e l imi t a t i ons a re 
n o t p resen t in theore t i ca l ca l cu l a t ions of BR (co, T), b u t 
in the case of the f r e q u e n c y - d e p e n d e n c e of BR (co, T) a 
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cons i s t en t theore t i ca l t r e a t m e n t is a t p r e sen t n o t avai l -
ab le [15,16], a l t h o u g h a lot of w o r k h a s b e e n d o n e fo r 
t he s ta t ic case (co = 0) [17 -22 ] , So it s eems w o r t h t o 
e s t i m a t e the t e m p e r a t u r e - a n d w a v e l e n g t h - d e p e n -
dence of the second ref rac t iv i ty virial coeff ic ient o n the 
bas is of the first t r e a t m e n t given by B u c k i n g h a m [1] 
fo r a t o m s a n d smal l molecules . 

2. The Dipole-Induced-Dipole-Theory 

Usua l ly , the ref rac t iv i ty virial coeff icients a re i n t ro -
d u c e d by e x p a n d i n g the o r d i n a r y L o r e n t z - L o r e n z 
e q u a t i o n in p o w e r s of the m o l a r dens i ty g [1]: 

n2(co,T,g)-l 1 

n (co, T, g) + 2 g 
- = AR (CO, T) + BR (CO, T ) g 

+ CR(co, T)g2 + (1) 

wi th n (co, T, g) the real p a r t of the re f rac t ive index, co 
t he f r e q u e n c y of the m e a s u r i n g light a n d T t h e t e m p e r -
a tu r e . I n the s ta t ic case (co = 0) a n d wi th n2 = e, (1) is 
t he w e l l - k n o w n C l a u s i u s - M o s s o t t i - f u n c t i o n [23]. I n 
th is case, the e x p a n s i o n coefficients a r e k n o w n as 
die lect r ic virial coefficients Ae(T), Bt(T), CS(T).... 

In (1) t he re is 

Ar(CO, T) = 
N A QCQ (CO, T) 

3 £n 
(2) 

w h e r e t he m e a n d ipo le po la r izab i l i ty of t he free mo le -
cule a 0 (co, T) is o n e th i rd of the t r ace of the d ipo le 
po la r i zab i l i ty t e n s o r &0 a n d iVA is A v o g a d r o s c o n s t a n t . 

0932-0784 / 93 / 0300-0497 $ 01.30/0. - Please order a reprint rather than making your own copy. 

This work has been digitalized and published in 2013 by Verlag Zeitschrift 
für Naturforschung in cooperation with the Max Planck Society for the 
Advancement of Science under a Creative Commons Attribution-NoDerivs 
3.0 Germany License.

On 01.01.2015 it is planned to change the License Conditions (the removal 
of the Creative Commons License condition “no derivative works”). This is 
to allow reuse in the area of future scientific usage.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift für Naturforschung
in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Förderung der
Wissenschaften e.V. digitalisiert und unter folgender Lizenz veröffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der 
Creative Commons Lizenzbedingung „Keine Bearbeitung“) beabsichtigt, 
um eine Nachnutzung auch im Rahmen zukünftiger wissenschaftlicher 
Nutzungsformen zu ermöglichen.



506 U. Hohm • Second Refractivity Virial Coefficients 

As the series expansion (1) is assumed to converge 
rapidly, only the second refractivity virial coefficient is 
considered in the following. 

BR (CO, T) is connected with the intermolecular inter-
action potential U (t) (t = relative orientat ion of the 
two molecules) and the (mean) pair polarizability 
a 1 2 = Tr(tf1 2) /3 via [1] 

N2 00 

BR(co, T) = J {±a 1 2 ( co ) - a 0 ( co )} 
j l i £ 0 0 

• exp[— U (z)/k T]dx (3) 

with Q = Q J d i . BR (CO, T) is connected with the second 
dielectric virial coefficient BE via [1, 24] 

B£ = B 0 r + BR = B 0 r + B I n d , (4) 

where the orientat ional part B 0 r results f rom perma-
nent multipole momen t s and the induced par t 
BR = B I n d f rom induced multipole moments . Only the 
latter one will be considered th roughout this paper. 
The contr ibut ion of B0R at low frequencies is not con-
sidered in this work but can be calculated in principle 
using FIR-absorp t ion-da ta [24, 26]. Fo rmula (3) is as-
sumed to be valid for frequencies far away f rom the 
first electronic absorpt ion frequency co01 [25], al-
though obviously a r igorous proof of this s tatement 
has not been given yet. Provided the intermolecular 
pair-potential U (t) is known with sufficient accuracy, 
a suitable way to obta in BR (co, T) seems to calculate 
the frequency dependence of the pair polarizability 
tensor <$12 for various intermolecular configurations. 
Fo r the static case this has been done in a systematic 
way by Dacre [17-20] with ab initio SCF-CI calcula-
tions. These calculations support a relationship al-
ready found before for spherical species in the frame-
work of dielectric virial coefficients [26] as well as 
collision induced absorpt ion (CIA)-spectra [15, 27], 
namely 

A a = i a 1 2 - a 0 = i ( ± T r ( d l 2 ) - Tr(tf0)} 

= M 6 / r 6 - A t e x p ( - r / r t ) ] / 2 (5) 

with x, and r t as two fit parameters and A6 as given in 
Appendix A 2. Especially in the case of He, there are 
some fur ther calculations concerning BR(co, T), where 
Mazur and Mandel [28,29] were the first to incorporate 
its frequency-dependence. Obviously only Arrighini 
et al. [30] have calculated the frequency dependence of 
the pair polarizability components a ^ (co) and a['2 (co) 
of Helium in the r a n d o m phase approximat ion for 
several interatomic separations, followed by a Cauchy-

like expansion of the second refractivity virial coeffi-
cient. Alternatively, Aa and U 1 2 ( r ) may be expressed 
in terms of mult ipole momen t s and linear and nonlin-
ear polarizabilities of the isolated a tom or molecule 
[11]. Al though correct, this t reatment is only valid for 
large intermolecular separat ions and cannot account 
for the observed negative values of BR (co, T) of helium 
and neon [17, 18, 24, 26], which clearly result f rom 
q u a n t u m mechanical charge overlap effects at small 
separat ions. 

The inclusion of field gradient effects at long range 
results in propert ies which are hardly available at 
present. Namely the impor tan t C-tensor [31, 32], de-
scribing the excess field at molecule 1 due to a quadru-
p l e induced on 2 by the field gradient of a dipole 
induced on 1 by the light wave, is only known for 
some species, and its wavelength-dependence is com-
pletely unknown. A quite similar way to obtain the 
long range par t of a ! 2 is a statistical mechanical treat-
ment first given by Buckingham [1, 33] on the basis of 
the dipole-induced-dipole (DID) model of Silberstein. 
As this model is used in this work it will be considered 
in some detail now, refering to the work of Bucking-
h a m [1, 33]. Neglecting field gradient effects and using 
a Stockmayer- type intermolecular potential (see Ap-
pendix A l ) , BR may be obta ined by the sum 

BR(T)= i f t ( T , P ) + foy, (6) 
/ = l 

where P denotes one or more molecular properties 
and / o v the q u a n t u m mechanical charge overlap con-
tr ibut ion. The full formulae have been evaluated in 
[1, 33], but for the sake of clearness they are also given 
in Appendix A l . In detail, there is the well-known 
Ki rkwood f luctuat ion cont r ibut ion 

/ I = / I W (7) 

and the influence of high intermolecular field-strengths 
due to a dispersion like interaction via the second 
hyperpolarizabil i ty y: 

/ 2 = /2(«o,Y). (8) 

Beside these two always existing contr ibutions, there 
are three fur ther cont r ibut ions for molecules with per-
manen t dipole momen t n 0 : 

/ 3 = / 3 ( / V / 0 , (9) 

f* = f A M ) , (10) 

f5=fsfoo.*). (ID 
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ß being the first hyperpolarizabili ty and x is the an-
isot ropy of the polarizability for an axially symmetric 
molecule defined as x = (a y — a x) /3 a 0 . To this extend 
of approx imat ion , two extra contr ibutions do arise 
t h rough an influence of permanent quadrupole mo-
ments 6, namely 

and 

/6 = /6(x,0) 

/ 7 = / 7 M ) . 

(12) 

(13) 

3. Modelling of BR (co, T) 

The frequency-dependence of BR is introduced by 
the frequency dependences of tx0, x, ß, and y. The 
frequency-dependence of ctn0, where t] defines the 
isotropic (i), parallel (||), and perpendicular ( 1 ) com-
ponent , respectively, is obtained via 

al (co) = (471 e0)al (SI2 + Sl4co2 + SI6 co4). (14) 

F o r axially symmetric molecules the isotropic values 
are given as 

5-2k — 3 (5- 2k + 2Si"2k). (15) 

where the SI 2fc are known as dipole oscillator s trength 
sums [34], given in a.u.. co is the frequency in a.u. (co/s~1 

= 4.13416 • 1016a>/a.u.) and (47te0)ao is the a tomic 
unit of the polarizability (1 a.u. = 1.6487775 • 1 0 " 4 1 

C 2 m 2 J - 1 ) . a 0 (0 ) = ( 4 7 t e 0 ) a l 2 , therefore, is the 
static mean dipole polarizability. The Sl_ 2fc are known 
for m a n y gases with high precision and are taken f rom 
[35-38] . M u c h less is known about the frequency-de-
pendence of x, a l though some measurements for a 
limited frequency range exist [39]. The oscillator 
s t rength sums S i 2 k and S i 2k are only known for hy-
drogen an d ni trogen [40], which are used in the calcu-
lations, of course. In all other cases, for the calcula-
t ions presented here, x is assumed to be independent 
of co and is taken f rom [41]. Obviously, no experimen-
tal da t a are known for the frequency dependence of 
ß(co), a n d only some experiments concerning y(w) 
have been performed [42-44] for the molecules con-
sidered in this work. These are experiments of electric 
field induced second harmonic generation (ESHG), 
but it seems to be questionable whether this process 
cor responds to the field-strength effect considered in 
the f r amework of the second refractivity virial coeffi-
cients. Therefore, as a rule of thumb, the eo-depen-

dences of ß and y are approx imated by 

ß(co) = ß( 0) 
a(0) 

= / > ( 0 ) ( 2 ^ - l 
a(0) 

(16) 

and 

y(0j) = y (0) H ( 3 H 
(17) 

which clearly seems to be a lower estimate of the 
f requency-dependence of the second hyperpolarizabil-
ity y [44]. O n account of insufficient data , the temper-
ature-dependence of Br (co, T), beside the exponential 
term in (3), is in t roduced solely th rough the Indepen-
dence of a 0 via 

oc0(co,T) = tx0(co)(l +bT+cT2), (18) 

where b and c are only known for some gases and are 
taken f rom [7]. The very small 7-dependence of a 0 of 
the noble gases [5] is neglected. Also, x is assumed to 
be independent of temperature . Al though there should 
be a Independence of ß and y, it is neglected because 
no d a t a are known a b o u t this phenomenon . Perhaps , 
it might be of the same order as the Independence of 
a, but this is only a very rough assumption. Therefore, 
at present the neglect of the temperature-dependence 
of ß a n d y seems to in t roduce smaller errors than a 
wrong est imate will do. 

As is well known, a critical par t in calculating BR is 
the correct evaluat ion of the quantum-mechanica l -
term / o v in (6). In m a n y cases [15, 1 7 - 2 0 ] it can be 
approx imated by 

fo\ 
2nNl ® 

(19) 

3 £0 

J exp ( - r/rt) exp ( - U (r)/k T) r2 d r , 

(A, > 0). In this case, / o v is assumed to be independent 
of the shape, a l though a possible anisotropic be-
haviour might be in t roduced via a shape factor. Using 
ab initio calculations as well as a fit to CIA-spectra 
and second dielectric virial coefficients, it has been 
shown tha t r t is in the order of 4 • 1 0 " 1 1 m [15, 27]. Xx 

is usually obtained th rough fitting to existing experi-
mental a n d / o r theoretical da ta , which is also used in 
the present work. Additionally, a frequency depen-
dence of At is in t roduced via 

/.t(co) = ;.t(0)A6(co)/A6(0), (20) 
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where A6 (co) is f o u n d in A p p e n d i x A 2. T h i s b e h a v i o u r 
of /., (co) is c o n f i r m e d fo r H e by q u a n t u m - m e c h a n i c a l -
a b ini t io ca lcu la t ions [30, 45], All a t o m i c a n d m o l e c u -
lar p a r a m e t e r s used for t he p re sen t ca l cu l a t i ons can be 
f o u n d in Tab le 1. 

4. Results and Discussion 

4.1. Br(o), T)-Surfaces 

F o r a genera l survey s o m e cha rac t e r i s t i c BR (co, T)-
surfaces a re s h o w n in the fo l lowing , s ince obv ious ly 
never be fo re a genera l d i scuss ion of t he co- a n d T-de-
pendence h a s been given. I n th is con t ex t , a b s o l u t e 
BR (CO, T) -va lues d o n o t p l a y a d o m i n a n t role , s ince all 
ca lcu la ted d a t a a re f i t ted t o o n e e x p e r i m e n t a l po in t , 
which , of course , m a y c h a n g e in f u t u r e t h r o u g h im-
p r o v e d m e a s u r i n g t echn iques . All su r faces a r e ca lcu-
la ted in the f r equency r a n g e 0 ^ co ^ 0.1822 a.u. 
(wave length k = 250 nm). Aga in it is i m p o r t a n t t o 
m e n t i o n t h a t a t co = 0 on ly t he i n d u c e d p a r t ß I n d h a s 
been ca lcu la ted . T h e t e m p e r a t u r e r a n g e s a r e c h o s e n 
ind iv idua l ly because of the v a r i o u s t e m p e r a t u r e s of 
d e c o m p o s i t i o n . T h e genera l f ea tu res a r e d i scussed fo r 
all species, b u t will be s h o w n on ly fo r Xe, N 2 , a n d S F 6 , 
respectively. 

BR (CO, T ) of H e a n d N e is a l w a y s nega t ive 
(20 K < T < 2000 K) a n d decreases w i th inc reas ing 
t e m p e r a t u r e . D u e to the f r e q u e n c y - d e p e n d e n c e of / o v , 
t he re is a l so a decrease of BR (co, T) w i t h inc reas ing 
f requency . T h e ca lcu la ted co-dependence is very smal l 
a n d p e r h a p s a t p resen t n o t de t ec t ab l e by expe r imen t . 
H o w e v e r it is w o r t h to m e n t i o n t h a t t he f r equency -de -
p e n d e n c e of H e is in the s a m e o r d e r as p r ed i c t ed by 
q u a n t u m - m e c h a n i c a l ab initio c a l cu l a t i ons [30], 

T h e second ref rac t iv i ty virial coef f ic ien t -sur face of 
Xe, s h o w n in Fig. 1, s h o w s a c o n s i d e r a b l e increase of 
BR (CO, T ) wi th increas ing f r equency , as p red ic t ed be-
fore by c o n s i d e r a t i o n of t h e D I D - m o d e l a lone [11]. 
Addi t iona l ly , t he (usual) dec rease wi th inc reas ing t e m -
p e r a t u r e can be seen u p to t he h ighes t t e m p e r a t u r e of 
2000 K . T h i s b e h a v i o u r is a l so o b t a i n e d fo r Ar, K r , 
H 2 , 0 2 , H C l , C 0 2 , a n d C 2 H 4 . 

A very in te res t ing b e h a v i o u r of BR (co, T) is seen in 
Fig. 2 fo r N 2 . As usual , a dec rease of BR(co, T) w i th 
increas ing t e m p e r a t u r e is obse rved b u t , add i t i ona l ly , 
the second refract iv i ty virial coeff icient c h a n g e s sign in 
the vicinity of 1100 K. T h i s m e a n s t h a t t he q u a n t u m 
mechan i ca l ove r l ap t e r m / o v exceeds t he o t h e r con t r i -
b u t i o n s given in (6). F u r t h e r m o r e , b e l o w 1 1 0 0 K 
BR (CO, T) increases wi th inc reas ing f r equency , b u t 

0 . 2 

2 0 0 0 
T/K 

Fig. 1. Second refractivity virial coefficient - surface of Xe. 

0 . 20 

1000 
T/K 

2 0 0 0 

Fig. 2. Second refractivity virial coefficient - surface of N 2 . 

V 0 . 2 

1 0 0 0 1 5 0 0 
T/K 

Fig. 3. Second refractivity virial coefficient - surface of SF6 . 

a b o v e 1100 K a decrease is ca lcu la ted wi th inc reas ing 
co. This b e h a v i o u r is observed for n o n e of the o t h e r 
gases cons ide red here. 

In the cases of N H 3 , N 2 0 a n d C H 4 a la rge co-de-
pendence of BR (co, T) can be seen, whe re a n inc rease 
wi th increas ing f requency is ob t a ined . H o w e v e r , t he 
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Table 1. Atomic and molecular parameters used to calculate BR (co, T). 

He Ne Ar Kr Xe H 2 N 2 

e/k/Ka 10.8 35.7 124.0 164.0 229.0 33.3 91.5 
10 l o r o /m a 2.57 2.789 3.418 3.610 4.055 2.97 3.68 
Sl_2/a.u.b 1.38315 2.669 11.08 16.79 27.16 5.433 11.74 
Sl4 /a.u.b 1.5419 2.886 27.91 56.32 129.6 19.98 29.77 
S l_6/a.u.b 2.0400 5.063 95.06 256.7 824.7 82.24 98.31 
x c 0.0 0.0 0.0 0.0 0.0 0.1253 0.1303 
1 0 6 a / K - l d 0.0 0.0 0.0 0.0 0.0 5.87 1.8 
10 9 b/K~ 2 d 0.0 0.0 0.0 0.0 0.0 7.54 0.0 
1 0 3 V C m e 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
1 0 5 2 ß / C 3 m3 J - 2 f 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
106Oy/C4 m 4 J " 3 g 0.0026903 0.0067 0.07275 0.1621 0.4295 0.0428 0.05720 
1039 0 / C m 2 h 0.0 0.0 0.0 0.0 0.0 0.2125 0.5 
1040 V C 2 m2 J - 1 ' 3.894 6.231 153.0 840.0 3471 17.58 264.8 
10 l or, /m j 0.3333 0.3968 0.4048 0.3968 0.3968 0.4 0.4 
TJKk 323 300 300 300 300 323 300 
1012 BJm6 mole" 2 k -0 .0068 - 0 . 1 4 1.57 6.23 25.5 0.13 0.74 

o 2 HCl c o 2 N 2 O N H 3 CH 4 C 2 H 4 SF6 

e//c/KA 128.8 191.4 190.0 220.0 220.5 184.5 244.3 259.0 
10LORO/MA 3.362 3.641 4.00 3.879 3.40 3.62 4.071 5.005 
Sl_2/a.u.b 10.59 17.39 17.51 19.70 14.56 17.27 27.70 30.04 
Sl_4/a.u.b 34.75 67.12 50.99 72.11 71.44 62.41 143.5 88.59 
Sl_6/a.u.b 237.1 389.3 211.4 410.7 684.0 298.3 1202 982.1 
x c 0.229 0.040 0.270 0.102 0.043 0.0 0.143 0.0 
10 6 A/K - L D - 2 . 3 7 1 10.6 1 10 - 1 . 6 4 10 40 
109FE/K"2D 8.69 0.0 0.0 0.0 0.0 13.05 0.0 0.0 
1 0 3 V / C M E 0.0 3.646 0.0 0.537 4.90 0.0 0.0 0.0 
1 0 5 2 ß / C 3 M3 J _ 2 F 0.0 2.34 0.0 - 5 . 1 - 5 . 1 0.0 0.0 0.0 
106OY/C4 m 4 J - 3 g 0.06003 0.1939 0.0715 0.215 0.2409 0.1615 0.4219 0.0891 
1039 0 / C m 2 h 0.1334 1.3 1.5 1.168 0.767 0.0 1.11 0.0 
104OA,/C2 M2 J - 1 ' 165.8 500.7 1140 166.9 0.0 500.7 4595 0.0 
101 0r l /m j 0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.4 
Ts/Kk 

- - 300 - n.s.p. 300 373 n.s.p. 
1012 ßR/m6 mole"2 k 

— — 4.75 — n.s.p. 7.76 19.5 n.s.p. 

a [11], except for C 2 H 4 [49], H 2 [50], 0 2 [51], N H 3 [57], b [35-38]. c [41], except for H 2 and N 2 [40]. d [7], except for HCl, 
N z O, NH 3 , C 2 H 4 , SF6: estimated. e [41]. f HCl [11], N H 3 [52], N 2 0 estimated. 8 [53], except for Ne [43], N H 3 [52], C 2 H 4 , 
and HCl [54], h [41], except for C 2 H 4 [55]. ' Scaled according to ßR given at the end of this table. j [15], except He [17]. 
k Experimental values at co = 0.071976 a.u., for which A, is scaled. All data [11], except for He, H 2 and C 2 H 4 [12]. - means 
no precise experimental ßR available, n.s.p. means no scaling possible, in order to obtain the experimental value. 

t e m p e r a t u r e d e p e n d e n c e is s o m e w h a t u n u s u a l , be-
cause the re is a s h a r p d e c r e a s e b e t w e e n 200 K a n d 
450 K fo l lowed by a near ly c o n s t a n t BR (co, T) u p t o 
1500 K. 

A very in te res t ing p h e n o m e n o n is o b s e r v e d fo r S F 6 , 
Fig. 3, where a la rge c u r v a t u r e can be seen o v e r t he 
who le r ange of ca lcu la t ion . A l t h o u g h , a s in t he m o s t 
o t h e r cases, BR (co, T) inc reases wi th i nc r ea s ing fre-
quency , a m a r k e d difference c a n be seen in t he t e m p e r -

a t u r e dependence , because a m i n i m u m of BR (co, T) 
o c c u r s in the vicinity of 850 K, fo l lowed by a n inc rease 
w i th inc reas ing t e m p e r a t u r e u p t o 1500 K . T h i s effect 
c lear ly resul ts f r o m the a s s u m e d la rge t e m p e r a t u r e 
d e p e n d e n c e of a 0 , a n d obv ious ly c o m p e n s a t e s t he 
" n o r m a l " dec rease obse rved in t he o t h e r cases. P e r -
h a p s , this increase m a y be even m o r e p r o n o u n c e d if 
t he t e m p e r a t u r e d e p e n d e n c e of t he h y p e r p o l a r i z a b i l -
ity is a lso t a k e n i n t o accoun t . 
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4.2. The Frequency-Dependence of BR (co, T) 

F o r all species a n d at all t e m p e r a t u r e s examined , 
the f r e q u e n c y - d e p e n d e n c e of BR (co, T) c a n be ex-
pressed wi th very h igh a c c u r a c y by a C a u c h y - l i k e ex-
p a n s i o n in t he r a n g e 0 ^ co ^ 0.2 a.u.: 

Br (co, T) = B<°> (T) (1 + B^ (T) co2 + B™ (T) a / ) . (21) 

T h e e x p a n s i o n coeff icients B(
R

](T) a re given in Table 2, 
ca l cu la t ed for T = 300 K . A l t h o u g h n o t s h o w n in de-
tail, it is w o r t h m e n t i o n i n g t h a t the e x p a n s i o n coeffi-
c ients B(

R
>0) (T) c h a n g e on ly sl ightly wi th t e m p e r a t u r e 

in the ranges examined (except of N 2 by u p to ä 25%) . 
In Fig. 4 the ca lcu la t ed cu rves a re s h o w n in a r e d u c e d 
f o r m for s o m e gases. I n genera l , t he co-dependence of 
Br (CO, T) is h igh , if t he re is a large f r e q u e n c y - d e p e n -
dence of t he po la r izab i l i ty , descr ibed by the C a u c h y -
coeff ic ients S % a n d S!6 (see Table 1). 

In Tab le 2, the resul ts fo r H e are c o m p a r e d wi th the 
only ava i l ab le q u a n t u m m e c h a n i c a l ab initio ca lcula-
t ions of Ar r igh in i et al. [30], s h o w i n g g o o d a g r e e m e n t 
b e t w e e n the ca lcu la t ed Cauchy-coef f ic ien ts . A l t h o u g h 
c o m p a r i s o n wi th e x p e r i m e n t is poss ib le fo r a l imited 
n u m b e r of gases [8, 11, 14], on ly s o m e resul ts will be 
c o m p a r e d here , because the f r e q u e n c y - d e p e n d e n t 
m e a s u r e m e n t s a re at p r e sen t n o t precise e n o u g h to 
m a k e a dec i s ion w h e t h e r the p resen t e s t ima tes a re 
r e a s o n a b l e o r no t . In Fig. 5 the ca l cu la t ions (solid 
curve) a r e c o m p a r e d wi th e x p e r i m e n t s [8 ,11] for C H 4 

a n d C 2 H 4 . I n the case of m e t h a n e , a qu i t e g o o d agree-
m e n t b e t w e e n e x p e r i m e n t a n d ca lcu la t ion c a n be seen, 
a l t h o u g h t he m e a s u r e d d a t a sets s h o w a cons ide rab l e 
sca t t e r a r o u n d the ca l cu la t ed curve. In t he case of 
e thene , the m e a s u r e d BR (co, T) -va lues s h o w a m u c h 
la rger f r e q u e n c y - d e p e n d e n c e t h a n the ca lcu la ted ones . 
A l t h o u g h the e r r o r b a r s of the m e a s u r e d p o i n t s seem 
to be realist ic, the co-dependence m a y be t o o large 
p e r h a p s o n a c c o u n t of (at p resen t ) u n d e t e c t e d exper i -
m e n t a l inaccurac ies , wh ich poss ib ly a re p resen t in the 
nove l t e c h n i q u e of m e a s u r e m e n t [14]. Never the less , in 
the case of N 2 0 [46] the e x p e r i m e n t s a re f i t ted near ly 
perfect ly by t he ca lcu la ted curve , which can be seen in 
F i g u r e 6. I t is w o r t h m e n t i o n i n g tha t in th is case the 
ca lcu la t ed cu rve as well as the e x p e r i m e n t a l d a t a 
p o i n t s c a n be shi f ted all by the s a m e a m o u n t o n ac-
c o u n t of the special ca l cu la t ion used ( r e m e m b e r t h a t 
fov is c h o s e n as a fit p a r a m e t e r ) , a n d o n a c c o u n t of 
the special m e a s u r i n g t echn ique , which d e t e r m i n e s 
BR (CO, T) re la t ive to a given fixed va lue BR (co, T) ( 0 ) 

[14]. 

Table 2. Frequency-dependence of 

Br(co, T) = <>(F)( 1 + Br
)(T)co2 + B^d)^), 

calculated at T = 300 K (0 < w/a.u. < 0.2). ABR is the rms-
error of the fit. 

Gas 10 1 2 BR0 )(F)/ B^(T) B^(T) 101 6A BJ 
m6 mole 2 m mole 

He - 0 . 0 6 6 2.51 2.43 0.001 
Hea - 0 . 0 4 0 4.27 14.6 — 

Ne - 0 . 1 3 8 2.51 3.97 0.001 
Ar 1.53 6.15 24.6 0.6 
Kr 5.96 8.08 43.1 5.0 
Xe 23.75 11.65 105.2 90.0 
H2 0.127 8.93 44.58 0.1 
N 2 0.721 5.80 28.45 0.4 
o 2 0.782 8.01 65.74 1.0 
HCl 11.37 9.37 67.92 20.0 
c o 2 4.55 6.82 40.90 4.0 
N 2 O 21.42 8.69 58.63 30.0 
N H 3 16.11 10.97 80.94 9.0 
CH 4 7.43 8.96 58.46 10.0 
C 2 H 4 20.06 12.50 151.6 100.0 
SF6 24.96 7.59 114.4 90.0 

a Ab-initio calculations at T — 322 K [30]. 

In t he case of N H 3 , wh i ch is n o t s h o w n as a sepa-
r a t e f igure , t h e f r e q u e n c y - d e p e n d e n c e of BR (co, T) 
given by B e a u m e et al. [47] c a n n o t be r e p r o d u c e d by 
the p r e sen t ca l cu l a t i ons a n d seems to be r a t h e r ques-
t i o n a b l e , as s t a t ed be fo re by S u t t e r [25]. T h e exper i -
m e n t a l va lue ABR(CO, T)/Aco = + 2 . 7 • 1 0 " 8 m 6 m o l e - 2 

[47] is a b o u t 800 t imes t h e ca lcula ted o n e of 
AB R (CO, T)/Aco = + 3.4 • 1 0 " 1 1 m 6 m o l e " 2 in the range 
b e t w e e n co = 0.068 a.u. a n d co = 0 .10 a.u. 

4.3. The Temperature-Dependence of BR (co, T) 

A s s t a t ed in 4.2. , on ly l i t t le is k n o w n a b o u t the 
f r e q u e n c y - d e p e n d e n c e of ß R (co, T). But obv ious ly 
even less seems t o be k n o w n a b o u t the t e m p e r a t u r e -
d e p e n d e n c e of B R (CO, T), wh i ch s h o u l d no t be con fused 
w i th t he t e m p e r a t u r e - d e p e n d e n c e of Be(T). F o r m o s t 
molecu les , t he l a t t e r m i g h t h a v e a comple te ly dif ferent 
T - d e p e n d e n c e o n a c c o u n t of i n t e r a c t i o n s be tween per -
m a n e n t m u l t i p o l e m o m e n t s [24]. As m e n t i o n e d before , 
m o s t of the e x p e r i m e n t a l d a t a a r e d e t e r m i n e d in the 
vicini ty of r o o m - t e m p e r a t u r e , because u n a v o i d a b l e 
e x p e r i m e n t a l diff icult ies ar ise a t o t h e r t empe ra tu r e s . 
Add i t i ona l ly , t h e very large s c a t t e r i n g in the m e a s u r e d 
d a t a - s e t s [12] m a k e a di rect c o m p a r i s o n wi th the cal-
c u l a t e d va lues wor th les s . So o n l y some resul ts con-
c e r n i n g ca l cu l a t ed va lues for S F 6 will be c o m p a r e d 
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with results given in the literature [48]. Artym et al. 
[48] have calculated bR = BR/AR on the basis of a Wool-
ley-potential and obtained AbJAT = - 3.0 • 1 0 " 1 0 

m 3 m o l e - 1 K - 1 , which compares reasonably with 
the present value of AbJAT = - 3.7 • 1 0 " 1 0 m 3 

m o l e _ 1 K _ 1 , obtained at co = 0.07198 a.u. and be-
tween 300 K and 1400 K. 

In Fig. 7 the tempera ture dependence of BR (co, T) is 
shown in reduced form BR(co1 , T)/BR(co1 ,300 K) at 
co1 = 0.07198 a.u. (corresponding to a wavelength of 
633 nm) for various gases, showing a very individual 
behaviour for the species considered here. 

F o r molecules a very interesting contr ibut ion will 
occur at high temperatures, which was first discussed 
by Buckingham [56]. Due to the high kinetic energy of 
the species, a change in the equil ibrium-geometry of 
the molecule might occur dur ing a collision, which 
gives a considerable contr ibut ion to the pair-polariz-
ability and therefore to BR (co, T). U p to now, this 
cont r ibut ion is completely neglected in all other stud-
ies of B r (co, T) at high temperatures. 

Al though not rigorously correct, the present heuris-
tic ext rapola t ions might give hints to the individual 
and sometimes ra ther complex behaviour of the T-
and co-dependence of the second refractivity virial co-
efficients of the various species. Perhaps, on the basis 
of these estimates, some species like Xe or S F 6 will be 
selected for a more detailed and precise experimental 
study of the temperature- and frequency-dependence 
of the second refractivity virial coefficient BR(co, T). 
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Appendix 

A) 1 

All calculations are performed with a central-force 
Lennard-Jones (12:6) potential ul2 augmented with a 
dipolar u12/1 and quadrupo la r u12e energy term. In the 
case of axial symmetry and defining 0 X and 0 2 as the 
angles between the molecular axes and the line of 
centres, and 0 as the angle between the planes formed 
by the axes with the line of centres these contr ibut ions 
read [1, 31] 

= 4e (22) 

1 2n r 3 (47te 0 ) 

and 
3 0 2 u, = 

(2 COS 0 J cos 0 2 

+ sin 0! sin 02 cos </>) (23) 

(1 - S c o s 2 © ! - 5cos26>-
4 r 5 ( 4 7 t g 0 ) ' 

+ 17 cos2 0X cos2 ©2 

+ 16 sin cos sin 0 2 c o s 0 2 c o s 0 

+ 2 sin2 01 sin2 02 cos2 </>). (24) 

In t roduc ing the dimensionless quanti t ies x, y, and cp 
via (all quanti t ies in S.I. units) 

y =2(e/kT)112, 

x = 
Po 

cp = 

Er3
0(4ne0), 

e 2 

sr5
0 (4 7i e0) 

(25) 

(26) 

(27) 

with £Q = permitt ivity of free space, r0 = distance, for 
which w 1 2(r 0) = 0, and £ = min imum energy of inter-
molecular potential . Defining now 

tf„(y)=12yV0-3f r2 

•exp < - y d r , (28) 
r J \ r 

the individual cont r ibut ions fh (7)—(13), are given by 

, C t «o ^H 6 (y ) t 2 / / 1 2 ( y ) y 4 x 4 / f 1 8 ( y ) 
Jl — , . a \ Ä r „„ + (47te0)3 r 3 { y 48 6400 

| 29 y 8 t 6 / f 2 4 (y) | 

45158 400 

/ 2 = c 1 
yerl 

9 a 0 y ( 4 7i£0) 
H M , 

f - r ^ ß HM , y2x3H12(y) 
(47T£0)2 [ 36 y 2 ' 2400 

29 y 6 t 5 Hl8(y) 

(29) 

(30) 

(31) 

+ 
11 289 600 

+ 

y Mo 
r0 (4 7T £0) I 18 y 

5 H 6 ( y ) + t 2 H 1 2 ( y ) 

+ 

2400 

2 9 y 4 r 4 H 1 8 ( y ) 

483 840 

(32) 

+ 
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3 xc t l 
f s = -^(1 - y ) S(4neoy 

\2H9(y) + y*x*H15(y) 
45 3150 

| y8?6H21(y) | 

5 6 4 4 8 0 

+ r T 2 H x 
L 5( 

9(y) y*r*H15(y) 
50 2940 

, y8^6H2l(y) , (33) 
483 840 

U = cx (224 -23X)XOL2CP2H13 (y)/[6272 (4 tt £ 0 ) 2 ] , (34) 

5yd2 

f i = Cx 
1 2 / r g ( 4 J t e 0 ) : 

(35) 

a n d 

Cx =8n2N2/9. 

A) 2 

(36) 

T h e ^ 6 - t e r m of the l o n g - r a n g e c o n t r i b u t i o n t o A a 1 2 

can be f o r m u l a t e d as 

4 a „ 20 yer% 
(4 7i e0) 

(37) 

T h e co-dependence is i n t r o d u c e d by the co-dependence 
of a 0 a n d y, t he T-dependence solely t h r o u g h the T-de-
p e n d e n c e of a 0 . 
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