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A reasonable heuristic extrapolation of a theory given by Buckingham is used to estimate the
frequency- and temperature-dependence of the second refractivity virial coefficient. The calculations
are carried out for the atoms He, Ne, Ar, Kr, Xe and the small molecules H,, N,, O,, HCI, CO,,
N,O,NH,, CH,, C,H,, and SF. In some cases the frequency-dependence of By (w, T) is compared
with experimental values, showing sometimes considerable deviations between experiment and the

heuristic approach used in this work.

Key words: Refractive index, Refractive index virial coefficient, Polarizability

1. Introduction

In studies of the optical properties of imperfect
gases the so-called refractivity virial coefficients
Ag(@,T), Bg(w,T), Cg(w, T),... play an important
role, as they describe the refractive index of fluids
through an expansion in powers of the density of
the well-known Lorentz-Lorenz function [1]. As for
Ag (o, T), which describes the optical properties of a
free, non-interacting species, extensive research has
been done both theoretically (e.g. [2—4]) and experi-
mentally [S—8]. Therefore the temperature and espe-
cially the frequency dependence of Ag(w, T) is now
well understood. However, there is a great lack of
information about the higher refractivity virial coeffi-
cients [1, 9]. Even nowadays, experiments to determine
Bi(w, T) are extremely difficult to carry out (e.g.
[10-13]) and therefore are often performed at one
temperature and with one frequency of the measuring
light only. Systematic investigations, both theoretical
and experimental of the w- and T-dependence of the
refractivity virial coefficients are scarce [11, 14], and
due to the quite large error bounds of the experimen-
tal data only of limited value. Also, these experimental
investigations cover small temperature and wave-
length ranges (mostly near room-temperature and at
wavelengths of 400—600 nm). These limitations are
not present in theoretical calculations of By (w, T), but
in the case of the frequency-dependence of By (w, T) a
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consistent theoretical treatment is at present not avail-
able [15, 16], although a lot of work has been done for
the static case (w = 0) [17-22]. So it seems worth to
estimate the temperature- and wavelength-depen-
dence of the second refractivity virial coefficient on the
basis of the first treatment given by Buckingham [1]
for atoms and small molecules.

2. The Dipole-Induced-Dipole-Theory

Usually, the refractivity virial coefficients are intro-
duced by expanding the ordinary Lorentz-Lorenz
equation in powers of the molar density g [1]:

n2 ((l), 7: Q) —-11
- =Ag (0, T)+ By (0, T
o T2, @D+ B Do

+ Cr(w, T)0* + ... (1)

with n(w, T, g) the real part of the refractive index, w

the frequency of the measuring light and T the temper-

ature. In the static case (o = 0) and with n®> =¢, (1) is

the well-known Clausius-Mossotti-function [23]. In

this case, the expansion coefficients are known as

dielectric virial coefficients A4,(T), B,(T), C,(T)....
In (1) there is

Nyog (@, T)

Ak(w’ T) == 38
0

, @
where the mean dipole polarizability of the free mole-
cule o, (w, T) is one third of the trace of the dipole
polarizability tensor &, and N, is Avogadros constant.
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As the series expansion (1) is assumed to converge
rapidly, only the second refractivity virial coefficient is
considered in the following.

Bg (w, T') is connected with the intermolecular inter-
action potential U (1) (t = relative orientation of the
two molecules) and the (mean) pair polarizability
oy, =Tr(&,,)/3 via [1]

N2 =
B(,T) =3 Q"E g Loy, () — 2o ()}
0
cexp[— U((r)/kT]dz 3)

with Q = ¢ [ dt. B (w, T) is connected with the second
dielectric virial coefficient B, via [1, 24]

Bz=BOr+BR=BOr+BInd’ (4)

where the orientational part B, results from perma-
nent multipole moments and the induced part
Bg = B,,4 from induced multipole moments. Only the
latter one will be considered throughout this paper.
The contribution of B, at low frequencies is not con-
sidered in this work but can be calculated in principle
using FIR-absorption-data [24, 26]. Formula (3) is as-
sumed to be valid for frequencies far away from the
first electronic absorption frequency w,; [25], al-
though obviously a rigorous proof of this statement
has not been given yet. Provided the intermolecular
pair-potential U (7) is known with sufficient accuracy,
a suitable way to obtain By (w, T) seems to calculate
the frequency dependence of the pair polarizability
tensor d,, for various intermolecular configurations.
For the static case this has been done in a systematic
way by Dacre [17-20] with ab initio SCF-CI calcula-
tions. These calculations support a relationship al-
ready found before for spherical species in the frame-
work of dielectric virial coefficients [26] as well as
collision induced absorption (CIA)-spectra [15, 27],
namely

Ax=3ay; — o =3{3Tr(dy;) — Tr (&)}
= [A¢/r® — Aexp(—r/r)]/2 )

with 4, and r, as two fit parameters and A as given in
Appendix A 2. Especially in the case of He, there are
some further calculations concerning By (, T'), where
Mazur and Mandel [28, 29] were the first to incorporate
its frequency-dependence. Obviously only Arrighini
et al. [30] have calculated the frequency dependence of
the pair polarizability components o () and a}, ()
of Helium in the random phase approximation for
several interatomic separations, followed by a Cauchy-
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like expansion of the second refractivity virial coeffi-
cient. Alternatively, Ax and U, (t) may be expressed
in terms of multipole moments and linear and nonlin-
ear polarizabilities of the isolated atom or molecule
[11]. Although correct, this treatment is only valid for
large intermolecular separations and cannot account
for the observed negative values of By (w, T') of helium
and neon [17, 18, 24, 26], which clearly result from
quantum mechanical charge overlap effects at small
separations.

The inclusion of field gradient effects at long range
results in properties which are hardly available at
present. Namely the important C-tensor [31, 32], de-
scribing the excess field at molecule 1 due to a quadru-
pole induced on 2 by the field gradient of a dipole
induced on 1 by the light wave, is only known for
some species, and its wavelength-dependence is com-
pletely unknown. A quite similar way to obtain the
long range part of a,, is a statistical mechanical treat-
ment first given by Buckingham [1, 33] on the basis of
the dipole-induced-dipole (DID) model of Silberstein.
As this model is used in this work it will be considered
in some detail now, refering to the work of Bucking-
ham [1, 33]. Neglecting field gradient effects and using
a Stockmayer-type intermolecular potential (see Ap-
pendix A1), By may be obtained by the sum

Bg(T) = lzzlf:(TIP) + Jfovs ©)

where P denotes one or more molecular properties
and f,, the quantum mechanical charge overlap con-
tribution. The full formulae have been evaluated in
[1, 33], but for the sake of clearness they are also given
in Appendix A 1. In detail, there is the well-known
Kirkwood fluctuation contribution

Ji=f1(2) (7

and the influence of high intermolecular field-strengths
due to a dispersion like interaction via the second
hyperpolarizability y:

f2=falag, 7). ®)

Beside these two always existing contributions, there
are three further contributions for molecules with per-
manent dipole moment p,:

f3=f3(#0aﬁ)a ©)
Ja= fa(po,7), (10
fs = fs (o, %), (11)
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B being the first hyperpolarizability and x is the an-
isotropy of the polarizability for an axially symmetric
molecule defined as % = (x; — « ,)/3 &,. To this extend
of approximation, two extra contributions do arise
through an influence of permanent quadrupole mo-
ments 6, namely

Jo = fe(x,0) (12)

and

f2=1(,0). (13)

3. Modelling of By (w, T)

The frequency-dependence of By is introduced by
the frequency dependences of a,, %, f, and y. The
frequency-dependence of af, where 5 defines the
isotropic (1), parallel (||), and perpendicular (L) com-
ponent, respectively, is obtained via

ol (w) = @meg)ag(S”, + ST, 0% + S gw*). (14)

For axially symmetric molecules the isotropic values
are given as

S‘—2k=%(sﬂ2k+2S;L2k)’ 15)

where the S” ,, are known as dipole oscillator strength
sums [34], given in a.u.. @ is the frequency in a.u. (w/s ™!
=4.13416 - 10'° w/a.u.) and (4mey)a)d is the atomic
unit of the polarizability (1a.u. =1.6487775-10"4!
C?’m?J7Y). ay(0)=(4mey)a3S" ,, therefore, is the
static mean dipole polarizability. The S! ,, are known
for many gases with high precision and are taken from
[35-38]. Much less is known about the frequency-de-
pendence of x, although some measurements for a
limited frequency range exist [39]. The oscillator
strength sums S+,, and S!,, are only known for hy-
drogen and nitrogen [40], which are used in the calcu-
lations, of course. In all other cases, for the calcula-
tions presented here, x is assumed to be independent
of w and is taken from [41]. Obviously, no experimen-
tal data are known for the frequency dependence of
B(w), and only some experiments concerning y(w)
have been performed [42—44] for the molecules con-
sidered in this work. These are experiments of electric
field induced second harmonic generation (ESHG),
but it seems to be questionable whether this process
corresponds to the field-strength effect considered in
the framework of the second refractivity virial coeffi-
cients. Therefore, as a rule of thumb, the w-depen-
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dences of f and y are approximated by

_ i)
po-sefs (2]

=ﬂ(0)<2%—1) 16)
and ()
oa\w
y(w)=y(0)[1 + 3<m —1>:|
=v(0)<3% —2), (17

which clearly seems to be a lower estimate of the
frequency-dependence of the second hyperpolarizabil-
ity y [44]. On account of insufficient data, the temper-
ature-dependence of Bg (w, T), beside the exponential
term in (3), is introduced solely through the T-depen-
dence of «, via

to (@, T) =g (@)(1 +bT +cT?, (18)

where b and c are only known for some gases and are
taken from [7]. The very small T-dependence of «, of
the noble gases [5] is neglected. Also, x is assumed to
be independent of temperature. Although there should
be a T-dependence of f and y, it is neglected because
no data are known about this phenomenon. Perhaps,
it might be of the same order as the T-dependence of
o, but this is only a very rough assumption. Therefore,
at present the neglect of the temperature-dependence
of B and y seems to introduce smaller errors than a
wrong estimate will do.

As is well known, a critical part in calculating By is
the correct evaluation of the quantum-mechanical-
term f, in (6). In many cases [15, 17-20] it can be
approximated by

2n N2 49
- 380A gl,exp(~r/r‘)exp(——U(r)/k T)r2dr,

Joo=

(4, > 0). In this case, f,, is assumed to be independent
of the shape, although a possible anisotropic be-
haviour might be introduced via a shape factor. Using
ab initio calculations as well as a fit to CIA-spectra
and second dielectric virial coefficients, it has been
shown that r, is in the order of 4 - 10~ ' m [15, 27]. 4,
is usually obtained through fitting to existing experi-
mental and/or theoretical data, which is also used in
the present work. Additionally, a frequency depen-
dence of 4, is introduced via

Ay (@) = 4,(0) A4 (w)/46(0), (20)
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where A¢ () is found in Appendix A 2. This behaviour
of 4, (w) is confirmed for He by quantum-mechanical-
ab initio calculations [30, 45]. All atomic and molecu-
lar parameters used for the present calculations can be
found in Table 1.

4. Results and Discussion
4.1. Bg(w, T)-Surfaces

For a general survey some characteristic By (w, T)-
surfaces are shown in the following, since obviously
never before a general discussion of the w- and T-de-
pendence has been given. In this context, absolute
Bg (w, T)-values do not play a dominant role, since all
calculated data are fitted to one experimental point,
which, of course, may change in future through im-
proved measuring techniques. All surfaces are calcu-
lated in the frequency range 0= w <0.1822a.u.
(wavelength A =250 nm). Again it is important to
mention that at w = 0 only the induced part B4 has
been calculated. The temperature ranges are chosen
individually because of the various temperatures of
decomposition. The general features are discussed for
all species, but will be shown only for Xe, N,, and SF,
respectively.

Bg(w,T) of He and Ne is always negative
(20K < T <2000 K) and decreases with increasing
temperature. Due to the frequency-dependence of f,,,
there is also a decrease of By (w, T) with increasing
frequency. The calculated w-dependence is very small
and perhaps at present not detectable by experiment.
However it is worth to mention that the frequency-de-
pendence of He is in the same order as predicted by
quantum-mechanical ab initio calculations [30].

The second refractivity virial coefficient-surface of
Xe, shown in Fig. 1, shows a considerable increase of
Bg (w, T) with increasing frequency, as predicted be-
fore by consideration of the DID-model alone [11].
Additionally, the (usual) decrease with increasing tem-
perature can be seen up to the highest temperature of
2000 K. This behaviour is also obtained for Ar, Kr,
H,, O,, HC], CO,, and C,H,.

A very interesting behaviour of By (w, T) is seen in
Fig. 2 for N,. As usual, a decrease of Bg(w, T) with
increasing temperature is observed but, additionally,
the second refractivity virial coefficient changes sign in
the vicinity of 1100 K. This means that the quantum
mechanical overlap term f, exceeds the other contri-
butions given in (6). Furthermore, below 1100 K
Bg(w, T) increases with increasing frequency, but
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Fig. 3. Second refractivity virial coefficient — surface of SF.

above 1100 K a decrease is calculated with increasing
. This behaviour is observed for none of the other
gases considered here.

In the cases of NH;, N,O and CH, a large w-de-
pendence of By (w, T) can be seen, where an increase
with increasing frequency is obtained. However, the
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Table 1. Atomic and molecular parameters used to calculate Bg (w, T).
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He Ne Ar Kr Xe H, N,

e/k/K? 10.8 357 124.0 164.0 229.0 333 91.5
10'°r,/m® 2.57 2.789 3.418 3.610 4055 297 3.68
St ,/au’ 1.38315 2.669 11.08 16.79 27.16 5.433 11.74
st /au’ 1.5419 2.886 2791 56.32 129.6 19.98 29.77
S* ¢/au.’ 2.0400 5.063 95.06 256.7 824.7 82.24 98.31
%° 0.0 0.0 0.0 0.0 0.0 0.1253 0.1303
106a/K 14 0.0 0.0 0.0 0.0 0.0 5.87 1.8
10° /K ~24 0.0 0.0 0.0 0.0 0.0 7.54 0.0
10*°y/Cm* 0.0 0.0 0.0 0.0 0.0 0.0 0.0
102 B/C3 m3 J~2f 0.0 0.0 0.0 0.0 0.0 0.0 0.0
10%0y/C* m* J~ 3¢ 0.0026903 0.0067 0.07275 0.1621 0.4295 0.0428 0.05720
10%° ©/C m?® 0.0 0.0 0.0 0.0 0.0 0.2125 0.5
10%° 1 /C? m2 J~ i 3.894 6.231 153.0 840.0 3471 17.58 264.8
10'%r /mi 0.3333 0.3968 0.4048 0.3968 0.3968 0.4 04
T/K* 323 300 300 300 300 323 300
10!2 Bg/m® mole 2%  —0.0068 —0.14 1.57 6.23 25.5 0.13 0.74

0o, HCl1 Co, N,O NH, CH, C,H, SF¢
e/k/K*? 128.8 191.4 190.0 220.0 220.5 184.5 2443 259.0
10!%ry/m? 3.362 3.641 4.00 3.879 3.40 3.62 4.071 5.005
St ,/au’ 10.59 17.39 17.51 19.70 14.56 17.27 27.70 30.04
st /au’ 34.75 67.12 50.99 7211 71.44 62.41 1435 88.59
S' ¢/au.’ 2371 389.3 211.4 410.7 684.0 298.3 1202 982.1
®° 0.229 0.040 0.270 0.102 0.043 0.0 0.143 0.0
10%a/K~1¢ -237 1 10.6 1 10 —1.64 10 40
10°b/K 24 8.69 0.0 0.0 0.0 0.0 13.05 0.0 0.0
10%° 4/C m* 0.0 3.646 0.0 0.537 4.90 0.0 0.0 0.0
10%2 g/C3 m3 J~2f 0.0 2.34 0.0 —-51 -51 0.0 0.0 0.0
10%°y/C* m* J 3¢ 0.06003 0.1939 0.0715 0.215 0.2409 0.1615 04219 0.0891
10%° ©/C m2® 0.1334 1.3 1.5 1.168 0.767 0.0 1.11 0.0
10*°2/C?m2J~ i 1658 500.7 1140 166.9 0.0 500.7 4595 0.0
10'%r/mi 0.4 0.4 04 0.4 04 0.4 0.4 04
T/K* - - 300 — n.s.p. 300 373 n.s.p.
10'? Bg/m® mole 2%  — - 475 - n.s.p. 7.76 19.5 ns.p.
2[11], except for C,H, [49], H, [50], O, [51], NH, [57]. ®[35-38]. ©[41], except for H, and N, [40]. ¢ [7], except for HCI,

N,O,NH;, C,H,, SF:estimated.
and HCI [54]. " [41], except for C,H, [55].

¢[41]. THCI[11], NH, [52], N,O estimated. #[53], except for Ne [43], NH; [52], C,H,,
i Scaled according to By given at the end of this table. I [15], except He [17].

¥ Experimental values at @ = 0.071976 a.u., for which 4, is scaled. All data [11], except for He, H, and C,H, [12]. — means
no precise experimental By available, n.s.p. means no scaling possible, in order to obtain the experimental value.

temperature dependence is somewhat unusual, be-
cause there is a sharp decrease between 200 K and
450K followed by a nearly constant By (w, T) up to
1500 K.

A very interesting phenomenon is observed for SF,
Fig. 3, where a large curvature can be seen over the
whole range of calculation. Although, as in the most
other cases, Bg(w, T) increases with increasing fre-
quency, a marked difference can be seen in the temper-

ature dependence, because a minimum of Bg(w, T)
occurs in the vicinity of 850 K, followed by an increase
with increasing temperature up to 1500 K. This effect
clearly results from the assumed large temperature
dependence of a,, and obviously compensates the
“normal” decrease observed in the other cases. Per-
haps, this increase may be even more pronounced if
the temperature dependence of the hyperpolarizabil-
ity is also taken into account.
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4.2. The Frequency-Dependence of By (w,T)

For all species and at all temperatures examined,
the frequency-dependence of Bg(w,T) can be ex-
pressed with very high accuracy by a Cauchy-like ex-
pansion in the range 0 < w <02 a.u.:

Bg(w, T)=BO(T)(1 + BL(T) 0? + BP (T)w*). (21)

The expansion coefficients By’ (T) are given in Table 2,
calculated for T = 300 K. Although not shown in de-
tail, it is worth mentioning that the expansion coeffi-
cients By~ % (T) change only slightly with temperature
in the ranges examined (except of N, by up to = 25%).
In Fig. 4 the calculated curves are shown in a reduced
form for some gases. In general, the w-dependence of
Bg (w, T) is high, if there is a large frequency-depen-
dence of the polarizability, described by the Cauchy-
coefficients S” , and S” ¢ (see Table 1).

In Table 2, the results for He are compared with the
only available quantum mechanical ab initio calcula-
tions of Arrighini et al. [30], showing good agreement
between the calculated Cauchy-coefficients. Although
comparison with experiment is possible for a limited
number of gases [8, 11, 14], only some results will be
compared here, because the frequency-dependent
measurements are at present not precise enough to
make a decision whether the present estimates are
reasonable or not. In Fig. 5 the calculations (solid
curve) are compared with experiments [8, 11] for CH,
and C,H,. In the case of methane, a quite good agree-
ment between experiment and calculation can be seen,
although the measured data sets show a considerable
scatter around the calculated curve. In the case of
ethene, the measured Bg(w, T)-values show a much
larger frequency-dependence than the calculated ones.
Although the error bars of the measured points seem
to be realistic, the w-dependence may be too large
perhaps on account of (at present) undetected experi-
mental inaccuracies, which possibly are present in the
novel technique of measurement [14]. Nevertheless, in
the case of N,O [46] the experiments are fitted nearly
perfectly by the calculated curve, which can be seen in
Figure 6. It is worth mentioning that in this case the
calculated curve as well as the experimental data
points can be shifted all by the same amount on ac-
count of the special calculation used (remember that
f., is chosen as a fit parameter), and on account of
the special measuring technique, which determines
Bg(w, T) relative to a given fixed value Bg(w, T)q,
[14].
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Table 2. Frequency-dependence of
Br(w, T)=BX(T)(1 + B (T)w?* + B (T) w®),

calculated at T = 300K (0 < w/a.u. <0.2). ABg is the rms-
error of the fit.

Gas 1012 BO(T), BY(T) B@(T) 10'SABy/
m® mole~? m® mole 2

He —0.066 2.51 243 0.001
He? —0.040 4.27 14.6 -

Ne —0.138 251 3.97 0.001
Ar 1.53 6.15 24.6 0.6

Kr 5.96 8.08 431 5.0

Xe 23.75 11.65 105.2 90.0

H, 0.127 8.93 44.58 0.1

N, 0.721 5.80 28.45 0.4

0O, 0.782 8.01 65.74 1.0
HCl 11.37 9.37 67.92 20.0
CO, 4.55 6.82 40.90 40
N,O 21.42 8.69 58.63 30.0
NH, 16.11 10.97 80.94 9.0
CH, 743 8.96 58.46 10.0
C,H, 2006 1250 1516  100.0

SF¢ 24.96 7.59 114.4 90.0

2 Ab-initio calculations at T = 322 K [30].

In the case of NH,, which is not shown as a sepa-
rate figure, the frequency-dependence of Bg(w, T)
given by Beaume et al. [47] cannot be reproduced by
the present calculations and seems to be rather ques-
tionable, as stated before by Sutter [25]. The experi-
mental value ABg (w, T)/Aw = +2.7 - 10~ 8 m® mole 2
[47] is about 800 times the calculated one of
ABg (0, T)/Aw = + 3.4 - 10~ ! m® mole ™ ? in the range
between @ = 0.068 a.u. and w = 0.10 a.u.

4.3. The Temperature-Dependence of By (w, T)

As stated in 4.2., only little is known about the
frequency-dependence of Bg(w,T). But obviously
even less seems to be known about the temperature-
dependence of Bg (w, T'), which should not be confused
with the temperature-dependence of B, (T). For most
molecules, the latter might have a completely different
T-dependence on account of interactions between per-
manent multipole moments [24]. As mentioned before,
most of the experimental data are determined in the
vicinity of room-temperature, because unavoidable
experimental difficulties arise at other temperatures.
Additionally, the very large scattering in the measured
data-sets [12] make a direct comparison with the cal-
culated values worthless. So only some results con-
cerning calculated values for SF4 will be compared
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with results given in the literature [48]. Artym et al.
[48] have calculated by = By/Ag on the basis of a Wool-
ley-potential and obtained Abg/AT = —3.0-1071°
m3mole ' K™!, which compares reasonably with
the present value of Abg/AT = —3.7-1071°m?
mole ! K ™!, obtained at w =0.07198 a.u. and be-
tween 300 K and 1400 K.

In Fig. 7 the temperature dependence of Bg (w, T) is
shown in reduced form Bg(w,, T)/Bg(®,,300 K) at
w,; =0.07198 a.u. (corresponding to a wavelength of
633 nm) for various gases, showing a very individual
behaviour for the species considered here.

For molecules a very interesting contribution will
occur at high temperatures, which was first discussed
by Buckingham [56]. Due to the high kinetic energy of
the species, a change in the equilibrium-geometry of
the molecule might occur during a collision, which
gives a considerable contribution to the pair-polariz-
ability and therefore to Bg(w, T). Up to now, this
contribution is completely neglected in all other stud-
ies of By (w, T') at high temperatures.

Although not rigorously correct, the present heuris-
tic extrapolations might give hints to the individual
and sometimes rather complex behaviour of the T-
and w-dependence of the second refractivity virial co-
efficients of the various species. Perhaps, on the basis
of these estimates, some species like Xe or SF will be
selected for a more detailed and precise experimental
study of the temperature- and frequency-dependence
of the second refractivity virial coefficient Bg (w, T).
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Appendix
A) 1

All calculations are performed with a central-force
Lennard-Jones (12:6) potential u,, augmented with a
dipolar u,,, and quadrupolar u, ,¢ energy term. In the
case of axial symmetry and defining @, and @, as the
angles between the molecular axes and the line of
centres, and ¢ as the angle between the planes formed
by the axes with the line of centres these contributions
read [1, 31]

el ()

(22)

U. Hohm - Second Refractivity Virial Coefficients

2
Ho
ulz“ = m(Zcos @1 ({0 @2

+ sin @, sin @, cos ¢) (23)

and
307
“120 = 205 4ney)

+17cos? @, cos? O,

(1—5cos*@, —5co0s? 0O,

+ 16sin @, cos O, sin O, cos O, cos ¢
+ 2sin? @, sin? @, cos? ¢). (24)

Introducing the dimensionless quantities 7, y, and ¢
via (all quantities in S.I. units)

y =2(e/kT)"?, (25)
O H

T erg(dmey), (26)
92

L ro(@meg) 27)

with ¢, = permittivity of free space, r, = distance, for
which u,, (ry) = 0, and ¢ = minimum energy of inter-
molecular potential. Defining now

H,()=12y*r5™ [ 27"
0

ol o

the individual contributions f;, (7)—(13), are given by

_ C, o fHg(y)  °Hy,(»)  y*t*Hy5(»)
fl_ 3.3 Fi—. +
4mey)’ rg y 48 6400
29YST6H24(.V)
“astssac0 T @
5 yerd
=Ci———L__H
fz 19ozoy(47z80) s, (30)
toB [tHe(y) y*T>Hy,(y)
fi=Ci 51— = (31)
@dmey) | 36y 2400
29y615H18(y)+
11 289 600 s
2 2
YHo JSHe(y) " Hy,(y)
= 32
fs 1)‘8(47[80)3{ 18 y* 2400 .
29Y4T4H18(Y)+
483 840 e
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_ 3nog 2 Ho(y) | y*1*H5(y)
fs—C18(T80)2{(1_")[ 45 +

3150
yerHzl(y)+___}

564 480
43 r2H9()’) y4T4H15()’)
50 2940
ys 1'6 H,,(y)

(33)

283840 T ]}

fo=C1(224-23 %)% a5 ¢* Hy3()/[6272(4m20)’], (34)

5y6?
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Jo= Hg(y)
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